This paper presents a backstepping controller using barrier Lyapunov function (BLF) for dynamic positioning (DP) system. For safety reasons, the position and heading of DP ship are to be maintained in certain range. Thus, in this paper, a control law based on BLF and backstepping technique is proposed to limit the position and heading. The closed-loop system is proved stable in the sense of Lyapunov stability theories. In addition, since the velocities of ship are not measurable and the wave frequency (WF) motion is unavailable, a passive observer is adopted to estimate the velocities and the effect of WF motion. The simulation results show that the proposed controller can limit the position and heading of the vessel in a predefined range and verify the performance of the proposed controller and the passive observer.
Introduction
With the exploration of ocean resources such as oil and gas, dynamic positioning (DP) control system is increasingly applied in deep sea drilling operations. The number of ships with DP control system has risen to thousands, and the trend continues. DP ship is defined as a ship that only depending on active thrusters maintains its position and heading (fixed location or predetermined track) (see [1] (Sørensen A J, 2011)). DP control system is a complex nonlinear system with uncertain disturbances, parameter uncertainties, input saturation, time-delay, and so on. Thus, the study of DP control system focuses on nonlinearity, unmodeled dynamics, unknown environmental disturbances, input saturation, time-delay, and so on (see [1] [2] [3] [4] . Among those control strategies, backstepping method is a common technique to achieve a control law via defining error variables and a corresponding Lyapunov function of each subsystem to ensure system stability. The paper in [5] (Kim Y S, Kim J, Sung H G, 2016) applied nonlinear backstepping technique in weather-optimal controller designed for DP control system to maintain ship in a fixed position. The study in [6] (Xia, G., Xue, J., Jiao, J, 2018) combined backstepping technique with fuzzy approach to resolve the problem of time-delay and uncertainties in DP control system. The authors in [7] (Morishita H M, Souza C E S, 2014) developed an attenuating control law on basis of observer backstepping methodology for DP control system considering the saturation of actuators.
Moreover, in marine operation, the position of ship with DP control system shall be limited in certain range to ensure safe operation (see [2, 8] (Sørensen A J, 2005; Liu X, Abrahamsen B, 2010)). And the study of state constraints has drawn much attention in area of control system (see, for instance, [9] [10] [11] (Liu Y J, Tong S, 2016; 2017; Wei H, Zhao Y, Sun, 2017)). Using diffeomorphisms to transform nonlinear constrained control problem into an unconstrained one, the authors in [12] (Doria-Cerezo A, Acosta J A, Castano A R et al., 2014) applied nonlinear state and input constraints control theories to the DP control system to ensure safe operation. To ensure state constraints, BLF has been widely accepted as an effective scheme since this method needs less restrictive initial conditions comparing with other methods, such as reference setting method, model predictive control, and control theories based on invariant set or admissible set. In order to tackle the nonlinearities of control signals and guarantee a safe operation, the study in [13] (Tu F, Ge 2 Mathematical Problems in Engineering S S, Choo Y S et al., 2017) presented an adaptive neural constrained control with nonlinear adaptive filter based on BLF for DP of an accommodation ship in deep water. To tackle the constraint problems, the study in [14] (Kong L, He W, Yang C et al., 2018) utilized an asymmetric time-varying BLF to the design of adaptive fuzzy neural network control, proved that closed-loop system was stable by Lyapunov stability theory, and verified the effectiveness of proposed control by comparative simulations. Combining the BLF with backstepping technique is one method of the application of BLF to tackle the problem of state constraint in control areas. For the purpose of solving the problem of the error constraint, the authors in [15] (Ghommam J, Ferik S E, Saad M, 2018) proposed a new robust adaptive controller incorporating tan-BLF with the backstepping control and guaranteed the proposed control law semi-global uniform ultimately bounded stability using Lyapunov stability theory. With the aim of solving the problem of output constraint, the study in [16] (Zheng Z, Huang Y, Xie L et al., 2018) combined an asymmetric time-varying BLF with backstepping technique, employed the hyperbolic tangent function to approximate the saturation function to overcome the input saturation, and verified the effectiveness of the proposed controller by simulation results.
In practice, the wave frequency (WF) motion of DP ship is the most interesting aspect of DP such as estimating the first order WF motions of the ship and excluding it from the feedback loop. In order to estimate the position, heading, and velocities of ship, the authors in [17] (Du J, Hu X, Liu H et al., 2015) proposed a high-gain observer and an adaptive robust output feedback control scheme to estimate velocities and unknown parameters. Using disturbance observer to estimate unknown time-varying disturbances, the study in [18] (Du J, Hu X, Krstić M et al., 2016) came up with a robust nonlinear control law for DP control system to handle input saturation. For the sake of improving performance of modelbased observers for DP ship during transients, the authors in [19] (Svenn A. Vaernø, Brodtkorb A H, Skjetne R et al., 2017) developed a model-based observer with time-varying gains, and the performance of designed observer was verified on research ship Gunnerus.
The main contribution of this paper is the design of a backstepping control law using BLF for DP control system. With this controller, the close-loop system is proved stable in the sense of Lyapunov stability, and the position of the vessel is guaranteed to be limited in a predefined range. Besides, a traditional backstepping control law is compared to the newly designed control law in order to intuitively reveal the advantages of the two control laws. In addition, since the velocities of DP ship are not measurable and the WF motion is unavailable, a passive observer is adopted to estimate the low frequency (LF) motion of DP ship and the effect of WF motion. The rest of the paper is organized as follows. Problem formulation is presented in Section 2. Using BLF, a backstepping control law is developed based on Lyapunov stability theories, the traditional backstepping control law is designed, and a passive observer is introduced in Section 3. The stability of designed control law is proved in Section 4. MATLAB simulation results demonstrate the effectiveness of the designed controller and observer in Section 5. Finally, the conclusion is summarized in Section 6.
Problem Formulation
This section describes the mathematical model of DP ship, and the control objective is introduced in this part.
. . e Kinematics and Dynamics of DP Ship.
In order to analyze the dynamics of DP ship, the earth-fixed reference frame denoted as − and body-fixed reference frame denoted as − are introduced and shown in Figure 1 .
As shown in Figure 1 , ship motion is described in 6-degree-of-freedom (DOF) model including three-translational motion and three-rotational motion along the −, −, and − axes. DP model can be derived under the assumption of low speed to keep position; it is widely accepted in the research of DP control system that only threehorizontal motion is considered. The position vector in earthfixed reference is defined as = [ , , ] Τ and the velocity in body-fixed reference is defined as = [ , V, ] Τ . And the kinematics of DP ship is described aṡ
where R( ) is the rotation matrix transforming body-fixed velocities into earth-fixed velocities with the properties of
, × represents × identity matrix, and R( ) is expressed by
In DP control system, the model of ship is often separated into LW model and WF model (see [20] (Fossen, T. I, 2002)).
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The 3-DOF model of DP ship in LF motion and WF motion is written aṡ=
where ∈ R 6 is the WF motion state vector; A ∈ R 6×6 , E ∈ R 6×3 and C ∈ R 3×6 are the constant matrices; w ∈ R 3 represents the zero-mean Gaussian white noise; ∈ R 3 is position and orientation vector due to oneorder wave-induced motion; M ∈ R 3×3 ,Ṁ = 0 is the total matrix including inertia mass matrix and added mass matrix; D ∈ R 3×3 is the hydrodynamic damping matrix; ∈ R 3 is control force caused by the thrusters of DP ship; b ∈ R 3 is environmental disturbances such as wind, waves, and ocean currents and can be determined by formulas of environmental forces; y ∈ R 3×3 is the measurement vector, and C ∈ R 3×6 is constant matrix.
. . Control Objective. For DP ship, the horizontal displacement of DP ship should be maintained in certain range in order to ensure safety operation. That is, the position in surge and sway should be limited such as | | ≤ lim , | | ≤ lim and the yaw angle is always in region of (− max , max ). One control objective is to design a control law that steers ships to the desired position and heading in the condition of constrained position and heading with the environmental disturbances. The other objective is the designed control law maintaining the position and head of ship at the desired position, heading in the condition of constrained position, and heading under the effect of environmental disturbances.
Backstepping Control Using BLF
In this section, the backstepping control law is to be designed using BLF to steer DP ship to the desired position and heading under state constraints and disturbances. And the close-loop system of the proposed control scheme is proved stable in sense of Lyapunov stability theories. The traditional backstepping control law is compared to the proposed control law with BLF in this section. Moreover, a passive observer is adopted in this section to estimate the available and unavailable states of DP control system.
. . Backstepping Control Law Using BLF. The basic knowledge of BLF is introduced before designing the control law.
Definition (see [21, 22] (Zhang T, Wang N, Xia M., 2017; Ren B, Ge S S, Tee K P et al., 2010)). A BLF is a scalar function ( ), defined with respect to the systeṁ= ( ) on an open region containing the origin; BLF is continuous, positive definite and has continuous first-order partial derivatives at every point of ; the BLF has the property that ( ) → ∞ as approaches the boundary of and satisfies ( ( )) ≤ , ∀ ≥ 0, along the solution oḟ= ( ) with (0) ∈ and some positive constant .
In this paper, the BLF is chosen as
where is the error; is the positive constraint value on ; that is | | ≤ .
Lemma 2 (see [21, 22] 
where
is the state and function 
where and are positive constants, then remains bounded and ( ) ∈ Z 1 , ∀ ∈ [0, ∞).
Lemma 3 (see [22] (Ren B, Ge S S, Tee K P et al., 2010)). For any constant > 0, when | | ≤ , the following inequation is held:
Based on the above introduction, expanding the onedimensional theory of BLF into three-dimension, a recursive backstepping control law based on BLF is designed in the following steps.
Step . The desired position and heading vector is defined as ∈ R 3 . And the position and heading error variable is defined as
Combining with (1) and (9), the time derivate of z 1 is derived asż 4
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And the virtual control law 21 ∈ R 3 is designed as
where k 1 ∈ R 3 is positive constant vector and it is the constraint condition on z 1 , and 21 ∈ R 3×3 is a positive definite and diagonal matrix.
Step . The velocity error variable is defined as
So (10) is rewritten aṡ
Combining with (3) and (12), the time derivate of z 2 is derived aṡ
wherė2 1 is the time derivate of 21 and is computed aṡ
15)
In view of the BLF theory to solve the problem of state constraint, thus the BLF is utilised into the design of control law. Therefore, the control law ∈ R 3 is designed as
is the item based on BLF to handle with the problem of state constraint, and 22 ∈ R 3×3 is a positive definite and diagonal matrix. Step . The position error is considered as e 1 = [ , , ]
Τ , and the error dynamics is defined as
Τ are the position and velocity vectors, respectively.
Combining with (1) and (17), the time derivate of e 1 is determined asė
Thus, the virtual control vector 11 ∈ R 3 is chosen as
where 11 ∈ R 3×3 is a positive definite and diagonal matrix.
Step . The velocity error is defined as e 2 = [ , V , ] Τ , and the error dynamics is defined as
Combining with (3) and (20), the time derivate of e 2 is derived aṡ
Combining with (18) and (19), the time derivate of 11 is determined aṡ
And the traditional backstepping control law ∈ R 3 is designed as
where parameter matrix 12 ∈ R 3×3 is a positive definite and diagonal matrix.
. . Passive Observer. For DP ship, the velocities are not measurable and the WF motion is unavailable and this is necessary in controller designing. In order to obtain the changing tendency of the velocities and the effect of WF motion, a passive observer is adopted in this section [ The passive observer is expressed aṡ
wherê,̂,b,̂are the estimation state vectors; A is the observer matrix and 1 ∈ R 6×3 , 2 , 3 , 4 ∈ R 3×3 are the gain matrices;̃= −̂is the vector of estimation error; and is the element of vector y. And the passive observer was guaranteed uniformly globally exponential stability detailed in [20 
Stability Analysis
. . Stability Analysis for Backstepping Control Law Using BLF. Based on the above introduction of BLF, the first BLF candidate 21 is chosen as
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So, the time derivate of 21 is derived by combining with (9), (12) , and (25) aṡ
Substituting (11) into (26),̇2 1 can be rewritten aṡ
According to the positive definite property of 21 ,̇2 1 = −z Τ 1 21 z 1 ≤ 0 when z 2 is zero, thus, the variable of z 1 is stabilization.
The second Lyapunov function candidate 22 is chosen as
So the time derivate of 22 is determined aṡ
Substituting (10), (27) into (29),̇2 2 is derived aṡ
Due to the fact that mass matrix M is skew symmetric matrix andṀ = 0, thus, z Τ 2Ṁ z 2 = 0; therefore,̇2 2 is rewritten aṡ2
Substituting the designed control law (16) into (30),̇2 2 is determined aṡ2
So the variable of z 2 is stabilization wheṅ2 ≤ 0. Therefore, the close-loop system under control of proposed control law is stable in the condition of constrained position and heading.
. . Stability Analysis for Traditional Backstepping Control
Law. The Lyapunov function candidate 11 is selected as
Combining with (17), (18), and (20), the time derivate of 11 is computed aṡ
Substituting (19) 
Substituting (18), (21), and (35) into (37),̇2 2 is derived aṡ
Substituting (23) Therefore, the variable of z 2 is stabilization wheṅ2 ≤ 0. So the control system under traditional control law is stability.
Simulation Study
Based on LF motion of DP ship in Section 2, the mass matrix M of ship introduced in (3) where is the natural frequency, is the relative damping ratio, and is the designed parameter. In simulation, , , and are chosen as = 0.2 / , = 1, = 1. Thus the desired states , are generated smoothly and the figure of the desired states is shown in Figure 2 . The desired position, desired heading, and desired velocities in three directions are smooth and converged to the given value of 0 within 100 . Besides, the bias term b introduced in (3) including wind, waves, and ocean currents disturbances is computed in [6, 20] (Xia, G., Xue, J., Jiao, J, 2018, Fossen, T. I, 2002).
What is more, the constant vector k 1 considered in Section 3.1 is chosen as k 1 = [10.5 , 10.5 , 7.5 ∘ ] Τ , which means that the position error of ship is allowed to move within a square with a side length of 10.5 and the heading error of the ship may vary within 7.5 ∘ range. And the gain matrices of backstepping control using BLF mentioned in Section 3.1 are chosen as
The gain matrices of traditional backstepping control introduced in Section 3.2 are listed as 11 = diag {0.8, 0.6, 0.8}
The parameters in passive observer introduced in Section 3.3 are selected as . Also position 1 smoothly and precisely moves to the desired positon and maintains the desired position. And the estimated statêprecisely and smoothly approaches the position indirection. But from the partial enlarged details in Figure 3 , since the WF motion in -direction is nonlinear motion and affects the whole motion of ship, the states , 1 and estimated statêoscillate slightly. However, is smoother and more precise than 1 . In this view, the -direction position under presented control law is more precise than under traditional control law .
With the same situation of Figure and maintains the desired position under the effect of environmental disturbances. Thus, the two control objectives are implemented under the control law . Also position 1 smoothly and precisely moves to the desired position and maintains the desired position. And the estimated statê precisely and smoothly approaches the position indirection. But from the partial enlarged details in Figure 4 , since the WF motion in -direction is nonlinear motion and affects the whole motion of ship, the states , 1 and estimated statêoscillate slightly. However, under the presented control law is smoother and more precise than 1 under control law . In Figure 5 , the heading angle smoothly moves along the desired heading angle in the condition of constrained heading angle from k 1 and environmental disturbances and maintains the desired heading angle in the case of constrained heading angle and disturbances. Thus, the two control objectives are implemented under the control law . Also, the heading angle 1 smoothly moves along the desired heading angle and maintains the desired heading angle. Furthermore, the rising time of 1 is longer than the rising time of . And the estimated statêsmoothly approaches to the heading angle. But from the partial enlarged details in Figure 5 , since the WF motion in -direction is nonlinear motion and affects the whole motion of ship, the states , 1 and estimated state oscillate slightly. In this view, under the presented control law is faster, smoother, and more precise than 1 under control law .
Figures 6, 7, and 8 are velocities in three directions. From Figure 6 , the velocities and 1 are smoothly and precisely moving along the desired velocity. And the estimated velocitŷ shows slight oscillation in partial enlarged details due to adding the estimation of nonlinear WF velocities in direction of . With the same condition in Figure 7 , the velocities V and V 1 are smoothly and precisely moving along the desired velocity. And the estimated velocityV oscillates slightly in partial enlarged details due to adding the estimation of nonlinear WF velocities in direction of . From Figure 8 , the velocities and 1 are smoothly moving along the desired velocity . But the top value of velocity 1 is not arriving at the desired top value of desired velocity. In this view, the velocity is more precise than 1 . Besides, there are some oscillations in estimated velocitŷdue to adding the estimation of nonlinear WF velocities in -direction.
In addition, the simulation results of control forces and moment in three directions under control laws and are shown in Figure 9 . The control forces and moment are smoother under the control law than control law . Therefore, the position, heading, and velocities under presented control law show better performance than traditional control law .
Conclusions
In this paper, in order to limit the position and heading into certain range for safety reasons, a control law is proposed combining backstepping technique with BLF. Utilizing an error constrained vector in BLF, the virtual control law and backstepping control law are derived to limit the position and heading. And the designed control law is proved stable in the sense of Lyapunov stability theories. The simulation results show that the position and heading under proposed control law move along the desired position and heading in the constrained position, heading, and the effect of environmental disturbances, and maintain the desired position and heading under the constraint position and the effect of environmental disturbances. Therefore, the two control objectives are achieved under the designed control law. And a traditional backstepping control law is also introduced as comparison. Through the comparisons of the two methods, the position and heading appear faster, smoother, and more precise under the proposed control law than traditional control law. Therefore, the proposed control law shows better performance than traditional control law. Moreover, a passive observer is adopted to estimate position and velocities of ship. Considering the nonlinear WF motion of observer, there are small oscillations during control of position, heading angle, and estimation of position and velocities, and the future work is to research this phenomenon.
